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We show how the partial differential equations governing elasticity can be written 
in fully conservative, first-order, Eulerian form. This permits investigation of wave 
solutions of the equations of elasticity by a combination of mathematical analysis 
and high-quality numerical methods based on Riemann solutions of the governing 
equations. 0 1988 Academic Press. Inc. 
1. INTRODUCTION 
The partial differential equations describing the deformation of an elastic 
body support a rich variety of waves (shock, shear, and torsion) as solu- 
tions. A scientific understanding of these wave solutions requires a mathe- 
matical analysis of the structure of the governing equations, combined with 
numerical computation of the solutions. 
When studying quasi-linear hyperbolic partial differential equations, 
whose solutions typically develop discontinuities, one must begin by writing 
the equations as a system of conservation laws. Assuming that there are n 
independent conserved quantities, the solution is specified by a vector 
U(X, t) that lies in an n-dimensional state space. The dynamical equations 
for u take the form 
;+v *j(u)=0 (1.1) 
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of a first-order system of partial differential equations in divergence form; 
f(u) is the vector of fluxes associated with the conserved quantities. 
A Riemann problem is an initial-value problem for Eq. (1.1) with 
scale-invariant initial data. Riemann problems are of fundamental impor- 
tance in a study of the wave phenomena associated with a system of 
conservation laws: they determine both the long-time asymptotic behavior 
of a general solution and the instantaneous interaction between pairs of 
nonlinear waves. Specializing further to scale-invariant solutions that prop- 
agate at a fixed speed defines elementary waves. Elementary waves are both 
more fundamental and more elementary than solutions of Riemann prob- 
lems. They are the building blocks out of which solutions of Riemann 
problems are constructed. 
Elementary waves and Riemann solutions form the bridge between the 
mathematical analysis of conservation laws and high-quality methods for 
numerical computation of their solutions. For instance, higher order 
Godunov methods [l] require a conservative form for the dynamical equa- 
tions together with approximate solutions of Riemann problems, while 
front-tracking schemes [2] place an even greater reliance on Riemann 
solutions. 
The analysis of conservation laws with Riemann problems can, to a great 
extent, be carried out in either the Lagrangian or the Eulerian picture. The 
comparative advantage of a Lagrangian vs. an Eulerian description of a 
flow is a problem-dependent matter. Our intention is to develop methods 
whose scope includes large deformations of the body, which may lead to 
plastic or other forms of structural failure. At the level of numerical 
computation, this disposes one to an Eulerian description since Lagrangian 
methods, traditionally used for solids when deformations are small, are 
subject to failure (e.g., by mesh tangling) at large deformations. By contrast, 
Eulerian methods, especially as enhanced by front tracking, can be made 
robust and accurate in such circumstances. 
The synthesis of mathematical analysis and numerical computation along 
the lines mentioned above has found extremely fruitful application in 
studying wave solutions in compressible fluid dynamics. We wish to study 
wave solutions in elasticity and elastoplasticity from a similar standpoint. 
As a first step, we show in this paper how the partial differential equations 
governing elasticity can be written in fully conservative, first-order, Eulerian 
form. 
To carry out this program, we begin with the familiar Eulerian form of 
the equations of mass, momentum, and energy conservation in the theory of 
elasticity. A first-order form of the dynamical equations is achieved by 
introducing an Eulerian measure of the deformation gradient and showing 
that its evolution can be formulated as a conservation law. The system of 
equations is completed with an equation of state expressing the energy as a 
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function of the Eulerian deformation gradient and the entropy. This makes 
it unnecessary to use differential constitutive relations, which are not in 
conservation form, to propagate the stress and temperature. 
In Section 2 we discuss the formulation of the equations governing 
elasticity in the Lagrangian picture. The discussion is divided into three 
parts: the kinematical description of deformable bodies and the conserva- 
tion laws that govern them; constitutive relations that characterize the 
material; and the jump conditions that determine the structure of discontin- 
uous waves. In Section 3 we translate the results in the Lagrangian picture 
to the Eulerian picture. This section also is divided into three parts, in 
parallel to Section 2. Finally in Section 4 we summarize the conservative 
Eulerian formulation of elasticity. 
2. ELASTICITY IN THE LAGRANGIAN PICTURE 
In this section we discuss the Lagrangian (i.e., material) formulation of 
elasticity. It provides the basis for our derivation, in the next section, of the 
conservation form of elasticity in the Eulerian (i.e., spatial) picture. 
2a. Kinematics and Conservation Laws 
We first discuss the kinematics and conservation laws obeyed by de- 
formable bodies in the Lagrangian picture. We refer the reader to the 
literature (e.g., Refs. [4, 5, 71) for more details. The motion of a body 9 is 
represented mathematically by a time-dependent map + embedding .%? into 
an ambient space 9’. Let X”, (Y = 1,2,3 denote material coordinates on ~8, 
and let xi, i = 1,2,3 denote spatial coordinates on 9’. Then 
xi = #(x, t); (2.1) 
C#B is assumed to be piecewise smooth (i.e., continuously differentiable). 
The motion C#B is required to respect the conservation of mass, momen- 
tum, and energy. These principles are expressed as integral conditions 
involving the temporal and spatial derivatives of (p, namely the Lagrangian 
velocity 
and the Lugrangian deformation gradient 
a$Ji 
F’, = dX”. 
(2.2) 
(2.3) 
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Let p,r denote the mass dens@ of the undeformed body, B the specific 
energy, Sd the (second) Piola-Kirchhoff stress tensor, and @’ the 




j- pref (+qVi + 8) dV = $rFFi,JabNp dA - gr,,QyNy dA (2.6) 
for any region 4Y in 9? with a piecewise smooth boundary 8% and unit 
outward normal N,. (For simplicity we omit body forces and heat sources.) 
Additionally, the conservation of angular momentum may be shown to lead 
to the requirement hat 
p = S”b (2.7) 
When the fluid variables are smooth, the integral conservation laws are 
equivalent to corresponding partial differential equations: 
I&f = 0, 
,o,,,v’ = (F’,S+,, 
and 




Here the dot and the semicolon denote differentiation with respect to time 
and space. (We adopt this notation for generality as well as conciseness: the 
formulae throughout the paper remain valid when curvilinear coordinates 
are used for the spaces 39 and Y provided that the dot and semicolon are 
interpreted as covariant derivatives and that Kronecker delta symbols are 
replaced by metric tensors.) 
Using Eq. (2.2), we see that the evolution of 4 is governed by a system of 
conservation laws involving the second time derivative of q5. The state of 
the material is characterized by the three components of the deformation, 
the three components of the velocity, and an additional variable to deter- 
mine the local thermodynamic state (e.g., the entropy). If the energy, stress, 
and heat flux are known, the evolution of these seven degrees of freedom is 
determined by conservation of momentum and energy. 
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The deformation $I enters the conservation laws only through its deriva- 
tives, so the second-order equations may be regarded as fist-order equa- 
tions in which the velocity and the deformation gradient are taken to be 
fundamental dynamical variables. If the three components of + are elimi- 
nated in favor of the nine components of F’,, however, the system of 
equations must be supplemented to accommodate the expanded set of 
variables. The additional equations may also be written as integral conser- 
vation laws: 
$1 F’,d” = # ViNadA, 
@ a4 
(2.11) 
as follows from Gauss’ law. (See Ref. [3] for more discussion.) When Vi and 
F’, are smooth, this integral conservation law is also equivalent to a set of 
differential equations 
Nia = Pa. (2.12) 
Six of these equations act as constraints on the deformation gradient, 
(F& - F’/#;J’ = 0, (2.13) 
so that F’, is a gradient for all time, provided that it is a gradient at some 
initial time. As will be discussed shortly, the remaining three equations 
contain bona fide dynamical information. 
For later purposes we introduce the deformation rate and uorticity tensors 
Dq3 = :( FkaVk;fl + V,;aFk& 
9, = :( FkJ’,;, - Vk;,Fk,). 
We also define the Lugrangian strain tensor 
&fl = :( FkaFkf3 - tx/3). 
Notice that 
Q3 = k/3 





2b. Constitutive Relations 
The conservation laws, as formulated in Eqs. (2.8)-(2.10) and (2.12), 
involve the stress, energy, and heat flux. These equations are incomplete 
unless supplemented by a suitable set of constitutive relations, which may 
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take various forms. Frequently they specify the dynamical evolution of the 
stress and temperature. This is natural in computational methods for 
solving the evolution equations: the values of the fluid variables are 
incremented over successive time steps, so the increments need to be 
determined from the current values. However, this approach involves equa- 
tions that are not conservation laws. We will show in this section how the 
constitutive relations can be formulated in a manner that is compatible with 
a conservative form for the dynamical equations. 
In this paper we will write the constitutive relation for the heat flux in the 
simple form 
Qa = -XT-, (2.18) 
which expresses the heat flux in terms of the temperature T and the thermal 
conductivity X. It remains to specify the stress and the temperature. For 
elastic media the dynamical equations for the stress and temperature take 
the form 
SUB = C’@‘*Dy8 + I’aBQ7;7 (2.19) 
and 
(2.20) 
where the CaBus are the adiabatic elastic mod&, the I?@ are the Griineisen 
coejicients, and C,, is the specific heat at constant elastic configuration. These 
coefficients are required to satisfy symmetry properties (which follow from 
thermodynamic consistency when the coefficients are derived from an 
equation of state; see below): 
and 
(ya7s = (-9~7 = c7w = C”Svs (2.21) 
pa = rd. (2.22) 
If the coefficients are known as functions of the fluid variables, then Eqs. 
(2.8)-(2.10) and (2.12), together with Eqs. (2.18)-(2.20), form a complete 
set of evolution equations. However, this formulation suffers from two 
deficiencies. First, Eqs. (2.19)-(2.20) are not in conservation form. Second, 
the coefficients C*sus, I’@, and C,, cannot be specified arbitrarily; rather 
they must be compatible with the principles of thermodynamics. We will 
see that addressing these problems leads to a more concise expression of the 
information contained in the coefficients. 
To reformulate the constitutive relations, we note that the stress and 
temperature can be derived from an equation of state characterizing the 
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material [7]. For elastic materials, the specific energy d is given as a 
function of the deformation gradient F’, and the specific entropy S. 
Because of the invariance of B with respect to rigid-body transformations 
of the spatial coordinates (the principle of frame indifference), 6’ depends 
on F’, only through the Lagrangian strain tensor E,. Thus we postulate 
the equation of state 
b= U(Eap s). (2.23) 
(By writing U without explicit dependence on the material position X we 
are assuming that the material is homogeneous. To be consistent, we assume 
hereafter that the Lagrangian density ~,r is constant throughout .S?.) 
To identify suitable derivatives of the energy with the stress and tempera- 
ture, we invoke a thermodynamic principle, the Clausius-Duhem inequality 
[71 
P,$ + (QT>;, 2 0. (2.24) 
First notice that the conservation of energy, Eq. (2.10), may be combined 
with Eqs. (2.8)-(2.9) to obtain the equivalent equation 
prefk= SaBDas - Q’;y. (2.25) 
Now the Clausius-Duhem inequality, when combined with Eqs. (2.25), 
(2.17), and the equation of state, shows that 
Assuming that &, s, and T;, can be chosen arbitrarily leads to the 
identifications 
and 
as well as the constraint 
and the entropy equation 
T=$ (2.28) 
-QrT;, 2 0 (2.29) 
p,,,Ts; = -Q';y. (2.30) 
s+ = p,,+ (2.27) 
4 
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The evolution equations (2.19)-(2.20) for stress and temperature now 
follow from the above by straightforward computations, provided that the 
coefficients Psus, I“@, and C,, are identified as second derivatives of the 







The symmetry conditions (2.21)-(2.22) are automatically satisfied. 
With the definitions (2.23), (2.27)-(2.28), and (2.18), Fqs. (2.8)-(2.10) 
and (2.12) comprise a complete system of evolution equations in conserva- 
tion form that describes elastic materials. There are 14 equations for the 14 
fluid variables pref, Fi,, Vi, and S. Since 6 of these equations constrain Fi 
to be a gradient, there are 8 physical degrees of freedom, which correspond 
to 8 wave modes. 
The density and entropy mode propagate at zero speed, as seen from Eqs. 




AiW = aw = Fi (yh'8Fi 
a Y 
+ ~iis~~ (2.35) 
is the elasticity tensor; this follows because F’,S*fl = pref h’U/aFiP. Conse- 
quently, a plane wave with normal N, must propagate with speed S, such 
that p&i is an eigenvalue of the acoustic tensor 
Ai; = N Ai&l B 8. (2.36) 
Assuming the eigenvalues of tii to be positive, the wave modes occur in 
three pairs propagating with equal and opposite velocity. For isotropic 
materials, the fastest wave corresponds to longitudinal stress (i.e., pressure) 
modes, while the two slower waves correspond to radial shear stress and 
angular shear stress (i.e., torsion) modes. 
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2c. Jump Conditions 
When the fluid variables are not smooth the integral forms of the 
conservation laws remain valid, but their formulations as partial differential 
equations hold only in the weak sense. In particular, if the variables are 
piecewise smooth with a jump discontinuity across a surface in the body .?B’, 
the solution satisfies the Rankine-Hugoniot jump conditions, which follow 
from the transport theorem for discontinuous solutions. 
To express these conditions, let the discontinuity surface locally divide 
space-time into two regions, a- and %+, and let the unit normal point 
from q- to a+. Denote the jump in a quantity A across the discontinuity 
by AA = A +- A --) and the average by A = :(A ++ A -). Also, let N, 
denote the unit normal and S, the normal propagation speed for the 
discontinuity surface. Then the jump condition corresponding to conserva- 
tion of mass, Eq. (2.4), is 
-&AP,,, = 0, (2.37) 
which shows that the Lagrangian mass jiux it4 = p,.$& suffers no jump 
discontinuity across the front. Therefore the jump conditions corresponding 
to the conservation laws (2.5)-(2.6) and (2.11) may be written 
-MAI” = A( Fi,S”B)NB, (2.38) 
- MA($~V’ + S) = A(VF’,S”fl)NB - AQYN,, (2.39) 
and 
-MA( p;;f”,) = AV’N,. (2.9 
3. ELASTICITY IN THE EULERIAN PICTURE 
The conservation laws (2.4)-(2.6) and (2.11) are formulated in the 
Lagrangian picture. In this section we will translate them into the Eulerian 
picture. 
3a. Kinematics and Conservation Laws 
We introduce the Jacobian determinant J of the map +, which is the 
determinant of the linear transformation F’,. The Jacobian is involved in 
two fundamental identities: the change of variables for integrals and the 
Piola identity [5]. Formally, the change of variables formula introduces the 
factor J-’ when an integral over Q is transformed to an integral over 
4Pt = c#+[ Q], while the Piola identity replaces N, by J- ‘niFia when an 
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integral over I?% is transformed to an integral over set,, which has unit 
outward normal n,. These factors account for the change in volume and 
area caused by 4: dv = JdV and n, da = JN,(F-‘)*,. dA. The differential 
form of the Piola identity is 
( J(f’-l)ai);, = 0, (3.1) 
as follows from the calculation 
/,( J(F-l)ai);a dV = &.I( F-‘)aiN, dA = fi4 n, da = 0. (3.2) 
Equation (3.1) may be verified directly using Cramer’s formula for the 
inverse of a matrix. 
To formulate the conservation laws in the Eulerian picture, we require 
notation for several Eulerian quantities: 
P = J-h, 
E = 8, 
ui = vi, 
,#i = J-‘F’,S”@’ 
B’ 







where the quantities on the left are regarded as functions of x = $I( X, t) 
and t. The tensor uii is the Cuuchy stress tensor. Then the change of 
variable formula and the Piola identity may be used in the standard fashion 
to show that the Lagrangian conservation laws (2.4)-(2.6) are equivalent o 
d 
z a, J 
pdv=O, 
;/--pu’dv = $ a’jn. da 
a@, ' ' I 
and 
(3.9) 
;/wp(~uiui + E) dv = $ v.o’jn da - # qknk da. (3.10) t alpr,’ ’ -3% 
Conservation of angular momentum, Eq. (2.7), becomes 
aji = *ii. (3.11) 
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Using the transport theorem (see, e.g. [5]) to calculate the left-hand sides 
in these equations, the Eulerian conservation laws become the partial 
differential equations 
8P - at + (P”‘);i = O7 
;( P”‘) + ( p”‘u’);j = U’Tj, 
(3.12) 
and 
+ p zUiUi + E)U’] ;j = ( UiUij);j - qk;k (3.1’) [ (’ 
(again assuming the fluid variables to be smooth). Another useful form of 
this system of equations is 
p( p-l)’ = Uk;k, (3.15) 
pfii = Jjij, (3.16) 
pi = aijdij - qkik. (3.17) 
Here the dot denotes the convective derivative 
( )’ = i( 1 + ( );iui 
when applied to an Eulerian tensor, and the Eulerian deformation rate and 
uorticity tensors are 
dij = :(u~;~ + u,;~) = (F-l)UiD,P(F-‘)Pj, (3.18) 
Wij = +( Di; j - uj;i) = ( F-‘)aiQap( F-y,. (3.19) 
The main point of this section is that the conservation law (2.11) may be 
transformed to the Eulerian picture in the same way. If we introduce the 
Eulerian deformation gradient 
f 6 = ~r$%, (3.20) 
which is regarded also as a function of x = (p( X, t) and t, then Eq. (2.11) 
becomes 
i /* pf ia dv = #8e pv’fjanj da. 
, , 
(3.21) 
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In differential form, this equation is 
i(pfia) + (pf'#j);j = (P"f',),j' (3.22) 
Alternatively, this equation may be obtained directly from Eq. (2.12) by 
using conservation of mass (Eqs. (2.8) and (3.12)) and the Piola identity 
m (3.1)) as 
p(p;;~i,)'= J-l(viF/(F-l)Bj),B = (J-~v'F',),~(F-~)'~ (3.23) 
so that 
pf”, = (&fj ) . a ;j’ (3.24) 
combined with Eq. (3.12), this yields Eq. (3.22). Equations (3.12)-(3.14) and 
(3.22) comprise the Eulerian system of conservation laws for elasticity that 
correspond to the Lagrangian form, Eqs. (2.8)-(2.10) and (2.12). 
To establish the equivalence between Lagrangian and Eulerian pictures, 
we must demonstrate that the Lagrangian formulation follows from the 
Eulerian one. The passage from the Lagrangian picture to the Eulerian 
picture relies on the interpretation of fia as the gradient of a deformation; 
in particular, the Piola identity is invoked. We now show that the Piola 
identity is contained in Eq. (3.22), in the following sense. Differentiating 
Eq. (3.22) with respect o xi shows that 
;[(P/‘aI;il =O* (3.25) 
Therefore if 
(Pf i.);i = 0 (3.26) 
holds at any tune t = t,, it holds for all time. When p and f ia are related to 
pmr and F', as usual, Eq. (3.26) is equivalent o the Piola identity, Eq. (3.1), 
for the inverse of the deformation C#B. 
Using this result, we may show that the differential conservation laws in 
the Lagrangian picture, Eqs. (2.8)-(2.10) and (2.12), follow from the conser- 
vation laws in the Eulerian picture, Eqs. (3.12)-(3.14) and (3.22), provided 
that the Piola identity (3.26) holds at some initial time t = t,. This assumes 
that the solution is smooth, so that the differential equations are meaning- 
ful; an analogous result for discontinuous solutions is demonstrated in 
Section 3c. 
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THEOREM 1. Consider a smooth solution of the Eulerian conservation laws, 
Eqs. (3.12)-(3.14) and (3.22). Suppose that there is an initial deformation & 
and a constant prrr such that at the initial time t = t,, f ial,=,, = 
P,;: %&/aXa, and PI,+, = JoelpRf, where J, is the Jacobian of r#+,. (The 
quantities on the left are regarded as functions of x = &o(X).) Then there is a 
motion $I satisfying the Lagrangian conservation laws, Eqs. (2.8)-(2.10) and 
(2.12), and the initial condition (~l,,,~ = I&,, with the Lagrangian and Eule- 
rian fluid variables related by Eqs. (3.3)-(3.7) and (3.20). 
Proof. As just argued, the Piola identity in the form Eq. (3.26) follows 
from Eq. (3.22) and the initial conditions. The identity and the conservation 
of mass equation may be combined with Eq. (3.22) to yield 
i’, = vi;jfja. (3.27) 
Now define (p by solving the initial-value problem ih#i/at = vi 0 +, I#&-,~ 
= $&. Then Eq. (2.12) shows that F’, = cS’#/C~X”, regarded as a function 
of x = +(X, t) and t, also satisfies Eq. (3.27): 
f-‘,( f-l)” = vi; j = pi,( F-l);, (3.28) 
Therefore f idl and F’, differ by a factor that is constant in time; according 
to the initial conditions, this factor is the same as in Eq. (3.20). Finally, the 
mass, momentum, and energy equations in the Lagrangian picture follow 
from the Eulerian equations by the standard manipulations. 0 
This theorem shows that the Eulerian formulation is independent of the 
identification of f i,, as a gradient. Thus the Eulerian conservation laws may 
be solved without constructing the deformation + or integrating along 
particle paths: no reference to Lagrangian quantities is needed. The struc- 
ture of the Eulerian equations guarantees that the fluid variables describe 
the deformation of a material. We emphasize, however, that the conserva- 
tion of mass equation must be regarded as separate from the conservation 
law for the Eulerian deformation gradient in order to recover the 
Lagrangian formulation. 
3b. Constitutive Relations 
The conservation laws in the Eulerian picture must also be supplemented 
by constitutive relations. The equations corresponding to Eqs. (2.18)-(2.20) 
in the Eulerian picture are obtained readily from the definitions and Eq. 
(2.12): 
qi = -Kfj;i 3 
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1 
8 = -eyiidij - pCqk;k. 
9 
(3.31) 
Here the Eulerian quantities are defined by 
e = T, (3.32) 
77 = s, (3.33) 
K = J-‘ST, (3.34) 
$jkl =J-'Fi,FjsCa$'BVsFkyFI, (3.35) 
yij = Fi,r*SF$, (3.36) 
cq = q, (3.37) 
and 
I$.ikl = &ik[ + $[&il + aii&ik + aik6i1 + ,,i$ik] - oiiakla (3.38) 
Just as in the Lagrangian picture, these differential constitutive relations 
derive from an Eulerian equation of state u related to U through the 
identification 
U(f6, rl) = u(&?, q. (3.39) 
Thus the energy is 
8 = U(fi,, rl). (3.40) 






and that the coefficients c’%*, yij, and cB are expressible as second deriva- 
tives of u. 
With the definitions (3.&J)-(3.42) and (3.29), Eqs. (3.12)-(3.14) and 
(3.22) comprise a complete set of conservation laws for elastic materials in 
the Eulerian picture. 
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3c. Jump Conditions 
Suppose that a surface of discontinuity in the ambient space 9’ has 
normal ni and normal propagation speed s,. Then the Rankine-Hugoniot 
jump conditions corresponding to Eqs. (3.8)-(3.10) and (3.21) are 
Abk s, + vJnj )I = 0, (3.43) 
A[ pv’( -s, + vhj)] = Adhi, (3.44) 
A[ p($vivi + E)( -3, + v-hj)] = A( vioij)nj - Aqknk, (3.45) 
and 
A[pf’,(-3, + v’nj)] = A(pu’f’a)nj. (3.46) 
To see that these Eulerian jump conditions are equivalent to the 
Lagrangian jump conditions, we first cast them into another form. Let m 
= PCS,- vini) . Then according to Eq. (3.43) 
P-(% - vfn,) = m = p+(s” - vi+n,); (3.47) 
furthermore, the jump relations (3&t)-(3.46) are equivalent to 
and 
-mAui = Aaijn 
I’ 
-mA(:vivi + E) = A(vpij)nj - Aqknk, 
(3.48) 
(3.49) 
-mAf ia = A( pvtfj,)nj. (3.50) 
Assuming that the Eulerian fluid variables are related to Lagrangian 
variables through the definitions (3.3)-(3.7), the Lagrangian jump condi- 
tions, Eqs. (2.37)-(2.40), follow from Eqs. (3.47)-(3.50). This is because of 
the Piola identity ni da = JN,(F:-‘)“i dA and the correspondence mda = 
MdA between the mass flows across the discontinuity. To show, conversely, 
that the Eulerian jump conditions imply the Lagrangian conditions, we 
must assume that 
A( pf ‘,)ni = 0. (3.51) 
This assumption is the jump condition corresponding to Eq. (3.26), which 
holds if f ia and p derive from a deformation as in Theorem 1. It also 
follows from the Eulerian jump conditions if s, + 0: multiplying Eq. (3.46) 
by n, implies that -s,A(pf ‘,)ni = 0. As a consequence of assumption 
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(3.51), the vector N,, as defined by 
N,dA = pnifiu da, (3.52) 
suffers no jump discontinuity, in accordance with the F’iola identity. 
With the definition mda = MBA, I$. (3.47)-(3.50) now imply Eqs. 
(2.37)-(2.40). 
Just as in gas dynamics, the jump conditions may be solved by finding a 
relation among the thermodynamic variables (the Hugoniot relation) to- 
gether with an expression for the velocity in terms of these variables. 
Multiplying Eq. (3.50) by da, and using Eqs. (3.51)-(3.52) and mda = 
M dA, yields 
- MAf ia dA = Av’N, dA. (3.53) 
The component of this equation in the direction of N,, may be solved for 
the velocity jump: 
Au’ = - MAf ‘,Na/( NBNB). (3.54) 




n blmn ’ I m 
(3.55) 
where 
bij = p;eff iaf ia = Fi,l;ia 
is the Finger strain tensor, then Eq. (3.54) may be written 
Avi = -mAri. 
Combining this relation with Eq. (3.50) yields 
(3.56) 
(3.57) 
mAf ia = mAlipfi,nj. (3.58) 
Notice that Tini = p-l, and that Af iu = Ap-lpf + p-‘A(pf i,); thus the 
ni component of Eq. (3.58) recovers assumption (3.51). Similarly, Eq. (3.57) 
in Eq. (3.48) results in 
m2Ari = Aaijn : 
J’ 
(3.59) 
in particular, the component of this equation in the n i direction is 
m2Ap-’ = niAaijnj. (3.60) 
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Finally, notice that Eq. (3.48), when multiplied by c, may be used in Eq. 
(3.49) to obtain 
-mAe = Auioi’nj - Aqknk. 
Therefore Eq, (3.57) shows that 
(3.61) 
m( he - Ari&rj) = Aqknk. (3.62) 
In the special case of gas dynamics, where uij = - PS’j, P being the 
pressure, Eq. (3.60) becomes the equation 
m2Ap-’ = -AP (3.63) 
for the Rayleigh line, while Eq. (3.62) reduces to the Hugoniot relation 
he + Ap-‘ij = 0. (3.64) 
To solve the jump conditions, notice that pf j,nj is the same on both 
sides of the jump, so that Eq. (3.58) expresses all of the components of f ia 
in terms of the three variables ri. Therefore f ia may be eliminated in favor 
of ri in the expressions for E, uij, and 8 given by the equation of state. As a 
result, Eqs. (3.59) and (3.62) may be solved for ri and q, just as the 
Rayleigh line equation and the Hugoniot relation may be solved for p-l 
and q in gas dynamics. Thus the Eqs. (3.58) (3.59), and (3.62) comprise a 
complete set of jump conditions for the thermodynamic variables f ia and 
9. Once these equations have been solved, Eqs. (3.47) and (3.57) may be 
used to determine the shock speed and the velocities. This formulation is 
the starting point for an analysis of the Riemarm problem for elasticity in 
the Eulerian picture (cf. Ref. [6]). 
4. %JMMARY 
We conclude by summarizing the complete set of conservation laws 
governing elastic flow in the Eulerian picture; 
8P 
at + (p& = 0, (4.1) 
;(pd) + (puv),j = uij.. 
.I’ (4.2) 
;[p(:upi + E)] + [p(:u,ui + E)“j];j = (uicTij);j - qkk, (4.3) 
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and 
i(pfia) + (pf’#j);j= (PUifja);’ 
J (4.4) 
govern the evolution of the variables p = J-‘p,,r, ui, 17, and fia = p,$F’,. 
These equations are supplemented by the constitutive relations 
E = u( fin, ?I), (4.5) 
au 






qi = -Kfl;i. (4.8) 
The corresponding jump conditions may be reduced to 
p-(3, - Ui_ni) = m = P+(Sn - U+ni), 
Aui = -mAri, 
mAf ia = mAripfiornj, 









m AE - Ar.o’Jn I J 1 = hqktlk, (4.13) 
where d = pP1nkbki/(n,blmnm) and b’j = p,=,f ‘,f@. 
The equations above give a complete description of elastic materials in 
the Eulerian picture. The incorporation of plasticity into this framework 
will be addressed in a follow-on paper. 
ACKNOWLEDGMENTS 
We thank James Glimm and Ralph Men&off for their insightful comments on this work. 
REFERENCES 
1. P. COLELLA AND P. WOODWARD, The piecewise parabolic method (PPMJ for gas-dynamical 
simulation, J. Cornput. Phys. 54 (1984), 174. 
ELASTICITY IN EULERIAN CONSERVATION FORM 499 
2. J. GLIMM, C. KLINGENBERG, 0. MCBRYAN, B. PLOHR, D. SHARP, AND S. YANIV, Front 
tracking and two-dimensional Riemann problems, Adu. in Appl. Math. 6 (1985), 
259-290. 
3. A. HANYGA, “Mathematical Theory of Non-Linear Elasticity,” Wiley, New York, 1985. 
4. L. LANDAU AND E. LIFSHITZ, “Elasticity,” Addison-Wesley, Reading, MA, 1959. 
5. J. MAR~DEN AND T. HUGHES, “Mathematical Foundations of Elasticity,” Prentice-Hall, 
Englewood Cliffs, NJ, 1983. 
6. Z. TANG AND T. TING, Wave curves for Riemann problems of plane waves in simple 
isotropic elastic solids, preprint, University of Chicago, 1987. 
7. C. TRUESDELL AND W. NOLL, The nonlinear field theories of mechanics, in “Handbuch der 
Physik,” Springer-Verlag, Berlin, 1965. 
